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(the  sequential  machine) ; and  Gallager  (1968) 
treats  communications  theory  (the  coder  and 
decoder).  Considerable  progress  hu  been 
made  in  the  last  decade,  with  the  emergence 
of  mathematical  systems  theory,  toward  a uni- 
fying view  of  these  disciplines— the  works 
of  Kalman,  Falb  and  Arblb  (1969)  and  Padulo 
and  Arbib  (1970)  being  representative  of  a 
broader  literature. 


The  feedback  interconnection  of  a continuous 
finite-dimensional  dynamic  system  and  a fi- 
nite state  sequential  machine  is  shown  in 
Figure  1.  Because  the  natural  input  and  out- 
put spaces  of  such  systems  are  defined  over 
different  fields,  two  coupling  elements, 
termed  a coder  and  decoder;  are  necessary  to 
define  the  transfojmtationa  of  plant  ou^ut 
to  coBq>ensator  iqput,  and  conversely.  There 
is  an  extensive  literature  dealing  with  each 
of  the  foregoing  elementiV,fo'  instance:  Wil- 
lems (1972)  defines  a dynmnical  systems  the- 
ory of  continuous  processes  (the  plant);  Bo- 
brow  and  Arbib  (1974)  reviw  automata  theory 


The  purpose  of  the  present  note  is  to  pin- 
point the  shortcomings  of  existing  theories 
whan  applied  to  the  situation  of  Fig.  1 and 
to  propose  a representation  Cor  the  state  of 
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The  feedback  interconnection  of  a continuous 
finite-dimensional  dynamic  system  and  a fi- 
nite state  sequential  machine  is  shown  in 
Figure  1.  Because  the  natural  input  and  out- 
put spaces  of  such  systems  are  defined  over 
different  fields,  two  coupling  elements, 
termed  a coder  and  decoder;  are  necessary  to 
define  the  transformations  of  plant  output 
to  conqpensator  imput,  and  conversely.  There 
is  an  extensive  literature  dealing  with  each 
of  the  foregoing  elementm,for  Instance:  Wil- 
lems (1972)  defines  a dynvnical  systems  the- 
ory of  continuous  processes  (the  plant);  Bo- 
brow  and  Arbib  (1974)  revlw  automata  theory 


(the  sequential  nutchlne) ; ana  Callager  (1968) 
treats  communications  theory  (the  coder  and 
decoder).  Considerable  progress  ha«»  been 
made  in  the  last  deceide,  with  the  mergence 
of  mathematical  systems  theory,  toward  a uni- 
fying view  of  these  disciplines— the  works 
of  Kalsum,  Falb  and  Arbib  (1969)  and  Padulo 
and  Arbib  (1970)  being  representative  of  a 
broader  literature. 

The  purpose  of  the  present  note  is  to  pin- 
point the  shortcomings  of  existing  theories 
when  applied  to  the  situation  of  Fig.  1 an^ 
to  propose  a representation  for  the  state  of 


Figure  1; 


Block  Diagram  of  Finite-State  Compensation 
of  a Continuous  Process 
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such  systems.  Such  a representation  pro- 
vides the  cornerstone  of  a theory  for  the 
direct  design  of  finite-state  compensators 
for  continuous  processes,  which  sxibsumes 
purely  continuous  control  systems  and  purely 
finite-state  feedback  systems  as  special 
cases. 


the  form  M ■ (W,  Z,  Q,  5,  X)  where  the  finite 
sets  W,  Z,  and  Q are  the  input,  output,  wd 
state  sets,  respectively;  amd  6:  X x V x Q -*■  Q 
X;  IxHxQ-»-Z  are  the  next-state  and  cur- 
rent output,  mappings,  respectively.  The  time^- 
set  1 is  taken  as  a sub-interval  of  the  inte- 
gers. (The  notation  has  been  slightly  modified 
from  that  of  the  literature  to  conform  with 
part  (a)^.)  The  machine  is  thought  of  as  the 
recursion  » 6(k,Uj^,qj^)  for  any  k > k^ei, 

and  the  output  map  X(k,Uj^,q^)  « z^.  It  should 

be  noted  that  ^ of  part  (a)  is  analogous  to 
fi(k,Uj^,  6(k— l,Uj^_j,  j (k— 2, . • . 

the  composition  of  5 with  itself  k-k_  times. 


THE  STATUS  QUO:  SOHE  NECESSARY  IN-  1 
NOVATIONS  j 


These  are  characterized  (Willems  and  Hitter, 
1971)  by  sets  of  the  form  £ * (U,  (i,  Y,  V,  x, 
r)  where 


let  A,  B denote  (finite)  alphabets  and  let  A 

(B^)  denote  the  set  of  non-en^ty  finite-length 

sequences  of  elements  from  A(B).  Let  ht  A*'*? 

B be  a homomorphism;  then  the  set  h(A)  *• 

{h(a)  |aeA}  is  termed  a code.  h(A)  is  uniquely 
decodable  iff  h is  eui  injection. 


Ut  input  set 
Ut  input  space 
Yt  output  set 
Vt  output  space 
Xt  state  set 

state  transition  map 
rt  read-out  map 


These  definitions  summarize  standard  results 
from  the  theory  of  noiseless  channel  coding; 
see  also  Gallager  (1968) . 


where  0,  Y are  usually  taJcen  as  Euclidean 
vector  spaces  on  the  field  of  real  numbers, 

R,  (/t  T U and  Yt  T Y are  normed  linear 
spaces  on  the  time  interval  TCR.  The  sys- 
tem £ will  be  assumed  finite-dimensional  in 
this  discussion  and  X is  correspondingly 
taken  as  a Euclidean  vector  space.  The  state 
transition  mapping  is  continuous,  with 


The  dbjective  of  the  next  section  is  to  char- 
acterize the  interconnection  shown  in  Fig.  1 as 
a dynamic  system  of  some  general  class.  Evi- 
dently, (a)-(c)  are  not  directly  coiqpatible  in 
their  present  condition.  This  is  partly  a 
problem  of  notation  and  technicalities,  but 
there  remain  some  fundamental  difficulties.  In 
(c),  for  instance,  one  would  like  the  alphabet 
A to  be  real  rather  than  finite-valued;  but  so 
long  as  B is  finite,  b(*)  could  never  be  an 
homomorphism.  In  (b)  and  (c),  the  real-time 
sequence  of  state  transitions  has  been  abstract- 
ed, and  only  the  ordering  of  transitions  re- 
mains; but  for  continuous  dynamical  systems  zb  ’ 
in  (a),  actual  transition  times  in  d(t)  must  be 
preserved.  The  basic  operations  on  the  fields  ^ 
in  (a)  and  (b)  are  different,  and  thus  the 
class  of  possible  functions  generated  by  ^ and 
X are  inherently  different.  Finally,  it  ^ght 
be  necessary  to  generalize  the  input  space  of 
(a)  to  include  distributions  (i.e.,  impulse 
trains) . 


In  addition,  ^ is  required  to  have  the  iden< 
tity,  causally,  and  semigroup  properties  i 


(iii)  For  any  t.  > t > t.,  all  elements  of 
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THE  STATUS  QUOt  SGHE  NECESSARY  ZN-  1 
N0VATZ(»1S  I 

Zn  motivating  the  new  representation,  it  is  ' 
most  appropriate  to  recount  the  status  quo: 


Continuous 


/stems: 


These  are  characterized  (Willems  and  Hitter, 
1971)  by  sets  o£  the  form  Z • (0,  U,  Y,  V,  x, 
r)  where 

D:  input  set 
U:  input  space 
Y:  output  set 
/:  output  space 
X:  state  set 

state  transition  map 
r:  read-out  map 

where  0,  Y are  usually  taken  as  Euclidean 
vector  spaces  on  the  field  of  real  numbers, 

R,  (/:  T O and  V:  T -►  Y are  normed  linear 
spaces  on  the  time  interval  TCR.  The  sys- 
tem £ will  be  assvimed  finite-dimensional  in 
this  discussion  and  X is  correspondingly 
taken  as  a Euclidean  vector  space.  The  state 
transition  mapping  is  continuous,  with 

TsTsf/xX-^X,  and  the  readout  map 

r:  TxTxUxX-^Yis  continuous. 

Zn  addition,  ^ is  required  to  have  the  iden- 
tity, causality,  and  semigroup  properties: 

(i)  ^(t,t,  u(«),  x)  “ X for  all  teT,  i 

u(*)eU,  xex. 

(ii)  For  any  t > t^,  both  elements  of  T, 
and  any  x^ex  if  Uj^(T)  = u^Cx),  T <t, 
then  <j)(t,tp,  Uj^(»),  Xp)  - ♦(t.t^, 

U2C),  Xjj). 

(iii)  For  any  t^  > t^  ^ t^,  all  elements  of 
T,  any  u(*)e(/,  and  any  x^eX, 

u(*),  Xq)  - 4»(t2,t^,  u(*), 

u(*),  Xq)). 

The  system  is  thought  of  as  the  pair  of  equa- 
tions x(t)  » <Kt,tp,  u(*),  xCt^))  and  y{t)  «• 

r(t,  tp,  u(t),  x{t)),  t > tp  both  in  T.  Re- 
ferring to  Fig.  1,  the  input  u(t)  may  be  taken 
as  the  pair  (u{t),  0(t)). 

ri»ite-State  Sequential  Machines  (Fi- 
nite Automata) ; 


, been  slightly  modified 

from  that  of  the  literature  to  conform  with 
part  (a)l.)  The  machine  is  thought  of  as  the 
recursion  qj^^^  - 6(k,Uj^,qj^)  for  any  k > k^ez,  ‘ 

and  the  output  map  X(k,Uj^,qj^)  . Zt  should 

be  noted  that  ^ of  part  (a)  is  analogous  to 

6(k,Uj^,  6(k-l,Uj^_^,  6(k-2,...,u^, 

the  composition  of  6 with  itself  k-k^  tiiaes. 

(c)  Coding  and  Decoding: 

Z«t  A,  B denote  (finite)  alphabets  and  let  A^ 

(B*)  denote  the  set  of  non-enq>ty  finite-length 

sequences  of  elements  from  A(B).  Let  h: 

B^  be  a homomorphism;  then  the  set  h(A)  «> 

{h(a)  |aeA)  is  termed  a code.  h(A)  is  uniquely 
decod^le  iff  h is  an  injection. 

These  definitions  summarize  standard  results 
from  the  theory  of  noiseless  channel  coding; 
see  also  Gallager  (1968) . 

The  objective  of  the  next  section  is  to  char- 
acterize the  interconnection  shown  in  Fig.  1 as 
a dynamic  system  of  some  general  class.  Evi- 
dently, (a) -(c)  are  not  directly  conpatible  in 
their  present  condition.  This  is  partly  a 
problem  of  notation  and  technicalities,  but 
there  remain  some  fundamental  difficulties.  Zn 
(c),  for  instance,  one  would  like  the  alphabet 
A to  be  real  rather  ttuui  finite-valued;  but  so 
long  as  B is  finite,  b(*)  could  never  be  an 
homomorphism.  Zn  (b)  amd  (c),  the  real-time 
sequence  of  state  transitions  has  been  abstract- 
ed, and  only  the  ordering  of  transitions  re- 
mains; but  for  continuous  dynamical  systems  as  '• 
in  (a) , actual  trzmsition  times  in  d (t)  must  be 
preserved.  The  basic  operations  on  the  fields 
in  (a)  2md  (b)  2are  different,  and  thus  the 
class  of  possible  functions  generated  by  ^ and 
X are  inherently  different.  Finally,  it  might 
be  necessary  to  generalize  the  input  space  of 
(a)  to  include  distributions  (l.e. , impulse 
trains) . 


PROPOSED  REPRESENTATION  ' 

By  introducing  some  formal  assertions,  we  dem- 
onstrate how  definitions  (b)  and  (c)  may  be 
modified  so  that  the  system  of  Fig.  1 may  be 
interpreted  as  a generalized  dynamical  system. 
The  demonstration  that  these  assertions  are 


These  are  us 

•Z 


if^^char^t^^zed  of  y 


By  allowing  ^,X  to  depend  on  )£Z,  the  structure 
of  the  next-state  and  current-output  mappings 
may  vary  with  k.  While  W could  denote  euny  in- 
put string  of  finite  length,  it  is  proper  here 
to  associate  it  with  an  input  set  as  used  in 
yJa)^  The  initial  state  gj-  and  index  k„  are 
Cmotrl^ecified  in  the  defi^tion  of  M. 


consistent  is  beyond  the  scope  of  this  brief 
note.  First,  a definition  is  introduced 
that  generalizes  the  machine  H to  have  a 
real-time  struct\ire. 

Definition  li  A finite-state  dynamic  system, 

on_jan  Interval  T^R,  is  a set  T ■ 

j,X).  The  sets  W « ncH  and  ? > TxZ  for  fi- 

Site  input  aiid  output  sets  W,Z  respectively. 

and  ? ue  spaces  of  sequences  of  elements 
In  Vf  and  Z for  which  the  first  index  is 
monotonically  increasing.  For  a positive 
Integer  n and  finite  set  the  state  set 
has  the  structure  ^ The  state- 

transition  map  3t  ncTXfib$*2  satisfies  the 
following  properj^iest  Given  a sequence 
{w}  m {tj^,  Wj^}e  W,  let  Tj^  denote  the  pro- 
jection of  w onto  T,  i.e.,  the  set  of  input 
transition-times  )Cq+2,.... 

For  any  {w}e  ST,  t^,  t^,  t^^eTj^f  qeS'#  then 

(i)  fi{t^,tj^,{w},q)  = q 

(ii)  for  any  t^  < t^  and  {w}e(l>  such  that 
(w)^  = {w}  oh  [t^,tjl,  then  6l[tj,t^, 
{w}^»  q)  - r(t^»  t^»  {w},  q). 

(iii)  whenever  tj^<tj<tj^,  5'{t^,t^,  {w},  q)  - 
6(tj^»tj»  4(t^»tj^»  {w},  q) ) • 

Finally,  the  readout  map  Xt  TXTxHxQ  *^2.  # 

A more  concise  definition  of  a finite-state 
dynamic  system  could  be  given  if  it  were  not 
for  our  attempt  to  clarify  how  the  conven- 
tional notions  of  dynamic  system  and  finite- 
state  sequential  machine  have  been  reconcil- 
ed. Actually,  the  ideas  are  quite  sisqtle. 

The  key  concept  is  that  all  "spontaneous" 
state  transitions  should  ultimately  be  at- 
tributable to  either  the  initial  state  or 
some  input  transition;  the  rate  at  which 
such  transitions  occur  is  due  to  any  inher- 
ent finite  delays  for  any  implementation  of 
the  machine.  Consequently,  each  "input"  can 
be  characterized  by 

(a)  the  time  of  the  current  input  transi- 
tion, tj^ 

(b)  the  new  input  value  (for  t ^ tj^) 

This  is  denoted  as  w » above.  Notice 

that  when  there  are  several  input  lines,  a 
transition  on  any  one  of  them  is  considered 
-mwtxaasitioft^AisM««WIllia,^ttAte»3l»»  ift-*J>i9  » _ 


elapsed  time  since  the  most  recent  (or  n 
most  recent)  state  'tr2msitlon(s) , at  the  cur- 
rent input  transition  time,  tj^.  Between  in- 
put transitions,  the  state ^may,  of  course, 
undergo  a large  (but  finite)  number  of 
transitions  at  intervals  determined  by  the 
internal  system  delays.  However,  these  are 
completely  predictable  given  the  past  state 
and  the  ctirrent  input,  and  hence  ^e  next 
state  can  be  cosputed.  This  is  considered 
to  be  the  key  defining  property  of  the 
"state"  of  a system.  A major  technical  ob- 
stacle in  defining  real-time  automata 
thus  been  successfully  removed— it  would 
otherwise  be  iaqposslbile  to  project  the  "next 
state"  of  such  a system  until  the  "next*  in- 
put transition  were  knowni  Consider  now  the 
natur^  stinicture  of  the  state-transition 
map,  5 between  input-transitions  t^^  and 

^+1' 

which  is  the  analog  of  the  next-state  map, 

5,  in  a finite-state  sequential  machine,  H. 

By  causality,  the  map  o can  only  depend  on 
the  single  pair  (tj^^j^  •’x+1*  **“ 

quence  {(t^fW^)}  for  a given  k.  ? may  al- 
ways be  represented  as  two  functions  in 
single-transition  case: 

4 - l\.\l 

Wi-  «k'V">  ^ 

Vi  • Sc'  Vi'  'V  v"> 

1*1,2, ...  ,n.^  nie  function  6^  projects  the  y 

i-th  state  transition  time,  prior  to 

the  current  input  transition,  while  the 
function  5^  projects  the  current  state  due 

q 

to  the  current  input-transition  • 

It  is  readily  verified  that  this  definition 
applies  to  both  synchronous  and  asynchronous 
machines.  Fineilly,  one  can  appeal  to  the 
viewpoint  taken  hy  Allen  and  Gaillager  (1977) 
in  viewing  the  (initial)  state  of  a machine  ' 
to  include  both  "internal  registers*  and 
"mass  storage"-thus  the  conqpensation  algo- 
rithm itself  becomes  p2urt  of  the  machine's 
initial  state.  In  other  words,  selecting 
the  control  algorithm  corresponds  to  choos- 
ing an  initial  data  set  for  the  machine. 

The  formulation  is  sufficiently  general  to 
allow  that  the  algorithm  execution  changes 
the  machine  structure  itself.  is  approx- 


V »nd  ajre  spaces  ox  saqoences  of  olasMnts 
in  Vf  and  ? for  which  the  first  index  is 
Bonotonically  increasing.  For  a positive 
integer  n and  finite  set  the  state  set 
has  the  structure  ^ state- 

transition  nap  Zt  TXTX0a$*Q  satisfies  the 
following  properties I Given  a sequence 
{w)  ■ {tj^,  Wj^)e  W»  let  denote  the  pro- 
jection of  w onto  Tf  i.e.f  the  set  of  input 
transition-tisws  >^^0*  ^0^^'  ^q'*'^'***' 

For  any  {w)e  ST,  t.,  t.,  t.cT.  , qeQ»  then 


state  can  be  cosputed.  This  is  considered 
to  be  the  key  defining  property  of  the 
"•tate"  of  a system.  A 8«jor  technical  ob- 
stacle in  defining  real-tisM  autonata  has 
thus  been  successfully  removed— it  t*ould 
otherwise  be  impossible  to  project  the  "next 
state"  of  such  a system  tintil  the  "next"  in- 
put transition  were  knowni  Consider  now  the 
naturi^  structure  of  the  state-transition 
map,  6 between  input-transitions  and 

tfc+l'  ®*Sc+l'V 

which  is  the  analog  of  the  next-state  map, 

6,  in  a finite-state  8(^ential  machine,  M. 
By  causality,  the  map  can  only  depend  on 
the  single  pair  ''ic+i^ 

quence  {(tj,w^)}  for  a given  k.  5 may  al- 
ways be  represented  as  two  fnnctions  in  this 
single-transition  caset 


(iii)  whenever  5)  ■ 

?(tj^,t^,  r{t^»t^#  (w),  q)). 

Finally,  the  readout  map  At  TXTXHxQ  -e  z.  # 


A more  concise  definition  of  a finite-state 
dynamic  system  could  be  given  if  it  were  not 
for  our  attempt  to  clarify  how  the  conven- 
tional notions  of  dynasd-c  system  and  finite- 
state  sequential  machine  have  been  reconcil- 
ed. Actually,  the  ideas  ture  quite  simple. 
The  key  concept  is  that  all  "spontaneous" 
state  transitions  should  ultimately  be  at- 
tributable to  either  the  initial  state  or 
some  input  transition;  the  rate  at  which 
such  transitions  occur  is  due  to  any  inher- 
ent finite  delays  for  any  Implementation  of 
the  machine.  Consequently,  each  "input"  can 
be  characterized  by 


1^1, 2,..., n.  The  function  67  projects  the  y 

1-th  state  transition  time,  prior  to 

the  current  input  transition,  while  the 
function  6^  projects  the  current  state  due 

to  the  cturrent  input-transition  • 

It  is  readily  verified  that  this  definition 
applies  to  both  synchronous  and  asynchronous 
machines.  Finally,  one  can  appeal  to  the 
vietqpoint  taken  by  Allen  and  Gallager  (1977) 
in  viewing  the  (initial)  state  of  a sachine  ' 
to  include  both  "internal  registers"  and 
"mass  storage"-thus  the  compensation  algo- 
rithm itself  becomes  part  of  the  machine's 
initial  state.  In  other  words,  selecting 
the  control  algorithm  corresponds  to  choos- 
ing an  initial  data  set  for  the  machine. 

The  formulation  is  sufficiently  general  to 
allow  that  the  algorithm  execution  changes 
the  machine  structure  itself,  is  approx- 
imately correct  to  view  the  nap  6 as  the 
implementation  of  a machine's  "control  struc- 


(b)  the  new  input  value  (for  t ^ t^) 

This  is  denoted  as  w = above.  Notice 

that  when  there  arc  several  input  lines,  a 
transition  on  any  one  of  them  is  considered 
a transition  time.  The  state  set  is  also  a 
product  space;  each  "state  variable"  takes 
values  in  the  finite  set  Q.  The  time-para- 
meter carried  with  it  is  the  tine  of  the 
most  recent  state-transition  strictly  prior 
to  the  current  input-transition,  and  qcQ  is 
associated  with  the  value  of  the  state  fol- 
lowing that  state  transition; 

thus  elements  of  ^ take  the  form  (Tj^,q)”,  as 

it  may  in  general  be  necessary  to  keep  count 
of  a finite  number  of  prior  transitions. 
Again  it  is  important  to  note  that  T is  al- 
ways by  convention  the 


Note  that  shorthand  for  (Tjj»qj^» 

k'‘*k'***'^k'^k**  general,  n may  also 
lepend  on  k,  but  is  bounded  above. 


ture”,  and  as  implementing  a "data  flow 

structure* • in  the  terminology  of  computer 
science. 

Returning  to  the  context  of  the  compensation 
problem,  it  remains  to  define  the  coder  and 
decoder.  The  following  definitions  would 
appear  naturals 

PefinitiOT  2 t A dynasdc  code  la  a causal 
mapping  Ct  ■*  IS,  A dynamin  decoder  ip.  a 
causal  napping  Vt  ? tf,  uhere  are 

as  in  the  definitions  of  a continuous  dynaa> 
ical  system  and  a finita>stato  dynamical 
system,  respectively.  Some  of  the  issues  of 
defining  codes  of  this  type  have  been  recent- 
ly discussed  by  Ziv  and  co-workers  (1977) . 


Example  It  Stabilisation  of  a first-order 
system.  Figure  2 shows  an  umitable  first- 
order  lag,  tdiich  is  to  be  stabilized  (if  pos- 
sible) by  a D-type  flip-flop.  ''The  forward- 
loop  is  a dynaadoal  system  with  time-set 
T * (O,**) , characterized  by^ 

Z - {r,  C(T),  R,  C(T),  R,  ♦,  r) 


- C.  . -/V 

f-j^  Co*Jf-jvuauS 


where  II  « IL#t1  " “"P  l'<^>l  values 

’ tET  / 

in  the  extended  real  numbers.,  and 

a(t-t  ) 

♦(t,t-,u(«),x-)  - e . x«  (4.1) 


U(T)dt 


,t  a(t-T-t  ) 

+ / e 

- x(t) 


r(t,tQ,u(»),Xg)  - x(t)  - y(t)  (4.2)  '■ 

The  encoder  is  a threshold  function  with 
level  6 and  binary  outpu^,  which  is  sampled 
at  regular  intervals  t^^  • kA.  The  coder  in-' 

put  takes  values  in  the  space 

I 

W - {{tj^,<»j^)|k-0,l,2...|  tj^CR^  i 

where  W - {0,l}.  The  cx>der  is  then  defined  y. 
by  the  map  Ct  C(T)-tW  where  for^yeC(T), 

Cy  i {t^,0,^}  and  ’ / 


K real  numbers}  C(T)  cont.  functions  on 
T. 


Figure  2 (a) t Stabilization  of  an  Unstable  Lag 
by  a D-rype  Flip  Flo? 
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P»finltlon  2t  A dynamic  eoim  la  a causal 
aapplxig  Ci  Y -►  ET.  a dynamic  dacodar  la  a 
causal  mapping  Pt  i it  ass 

as  In  ths  daflnltlons  ot  a continuous  dynaat-- 
leal  systam  and  a flnlts*-stats  dynaadcal 
system,  respectively.  Some  of  the  Issues  of 
defining  codes  of  this  type  have  been  recent- 
ly discussed  by  Zlv  and  eo-Morkers  (1977). 

Examples 


Example  It  Stabilisation  of  a first-order 
system.  Figure  2 shows  an  ungtabla  first- 
order  lag#  which  Is  to  be  stabilised  (If  pos- 
sible) by  a D-type  flip-flop.  "The  forward- 
loop  Is  a dynamical  system  with  tlsw-set 
T m [0#**)  # characterised  hy^ 

E - {r#  C(T),  R,  C(T)#  R,  ♦#  r) 


• x(t) 


r(t,tjj,u(«),XQ)  - jt(t)  i y(t)  (4.2) 

The  encoder  Is  a threshold  function  with 
level  e and  binary  outpuf  # which  Is  sampled 
at  regular  Intervals  - kA.  The  coder  in 

put  tzkkes  values  in  the  space 

where  W ■ {0,l).  The  <x>der  Is  then  defined 
by  the  nap  C«  C (!)-*«  where  for^yccd), 

Cy  - and  ’ 


R > real  numbersi  C(T)  « cont.  functions  on 
T. 


Figure  2 (a) < Stabilisation  of  an  Unstable  Lag 
by  a D-Type  Flip  Flop 
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Figure  2 (b)  t Sketch  of  Typical  responses 
for  Case  2(11) 


y(V  > 0 
y(t^)  < e 

is  almost  the  simplest  example 
:ate  dynamiced.  system;  it  is 
by 

' r - (w,  tf,  z,  2,  Q,  6,  X} 

/ where  W - Hx{0,l},  Z - Rx{0,l},  and  for 
Z - (0,1), 

^ 11  m tj^Ql)'^ 

■ The  state-set  is  ^ Where  Xj^eR# 

q^Q  • {0,1}  . In  this  device,  the  state 

merely  stores  the  value  of  the  past  input, 
which  was  always  sampled  A seconds  previous- 
ly, i.e. 

transition  map  is  implemented  by 
«tj^.tj»{tj^#^,j)»  (A,qj))  » I {A,w^_j^)  1-J>I  • 

( (A,  qj)  i-j-0 

and  the  output  nap  is 

/ •>/ 

Vt  2 C(T) 

where  •►tf(t)  is  defined  by  A(t)  ■ 

AZj^+B  whenever 

/ ntmibers.  The  design  parameters  in  this  feed- 
back system  ajre  thus  6,  A and  B. 


The  flip-flop 
of  a finite-s 
cluuracterized 


The  problem  of  detendning  which,  values  of 
Xq  and  a>0  yield  a Lagrange  stabilized  sys- 
tem by  appropriate  choice  of  6,  A and  B has 
been  solved  by  D.  6.  Wlmpey  (1977) . Since 
the  system  is  synchronous,  the  state-tran- 
sition maps  A*  ^ "u^y  ^ replaced  by  one-step 
recursions,  yielding  the  augmented  system'* 


(1-e  ) 


(ii)  If  6^0,  the  system  is  only  stable  if 
XQ»A/a,  and  then  x(t)=A/a. 

(iii)  If  0>A/a,  the  system  is  not  stabili- 

zable  for  any  x_.  ‘ 

° I 

(iv)  If  O<0<A/a  is  chosen  properly,  a limit 
cycle^is  obtained  if  O^x^'^A/aj  x^  =.0.’- 

and  A/a  are  critically ' stable  initial 
conditions. 

Case  2;  B/0 

(i)  If  B>0,  the  results  are  siadlac  to  I 

Case  1.  i 

•) 

(ii)  If  B<0,  B must  be  chosen  so  that  ] 

(A+B)>CV^and  0e(B/a,  (A-tB)/a]  leads  to  \ 
a limit  cycle  about  6.  If  (A4-b)£0,  | 

results  sisiilar  to  Case  1 are  obtained 
Initial  states  x^eCB/a,  (A-f-B)/al  may 

be  stabilized. 

Mosw interesting  is  Case  2,  (11),  and  a re- 
presentative trajectory  is  sketched  in  Pig. 

2(b).  The  qu2u>tity  - aA  affects  the  aapli- 
tude  of  limit  cycle  oscillations. 

i 

The  purpose  of  this  exanple  is  to  illustrate 
how  the  general  notation  applies  in  a spe- 
cific synchronous  finite-state  compensation 
problem,  and  to  illustrate  that  indeed  sta- 
bilization of  continuous  systems  may  be 
achieved  with  a very  economical  finite-state 
compensator  which  can  be  synthesized  with  a 
threshold  device,  flip-flop,  2-level  supply 
and  gate.  The  proposed  representation  was 
used  to  conceptualize  the  problem  in  this 
case,  but  is  not  in  itself  a design  method. 

Note  that  the  product  space  for  representing 
the  c.LOsed-loop  system  is  immediate,  given 
£ and  F.  . 

Example  2>  A Finite-State  Dynamical  ^stem 
with  Feedback.  A simple  asynchronous  fi- 
nite-state system,  Johnson  and  KOvacs  (1977) , 
with  delays  in  an  internal  feedback  loop  is 
shown  in  Fig.  3.  No  general  but  e;q>licit 
theory  for  this  class  of  system  is  known  to 
the  author,  yet  it  is  readily  represented 
as  a finite-state  dynamical  system  using  the 
fzametfork.  Due  to  soaoe  limita- 


It  B<0,  B must  be  chosen  so  that 
(A+B)>q^and  0clB/a,  (A+B)/aJ  leads  to 
a limit  cycle  about  6.  If  (A-fB)£0, 
results  similar  to  Case  1 are  obtained 
Initial  states  x^etB/a,  (A+B)/a]  may 

be  stabilized. 


the  state-set  is  Q - where  Tj^cR# 

* {0,1}  . In  this  device,  the  state 

merely  stores  the  value  of  the  past  input, 
which  was  always  sanqpled  A seconds  previous- 
ly, i.e. 

transition  map  is  implemented  by 


Mosw interesting  is  Case  2,  (ii),  and  a re' 
presentative  trajectory  is  sketched  in  Fig 
2 (b) . The  quantity  - aA  affects  the  ampli- 
tude of  limit  cycle  oscillations. 


The  purpose  of  this  example  is  to  illustrate 
how  the  general  notation  applies  in  a spe- 
cific synchronous  finite-state  con^nsatlon 
problem,  and  to  illustrate  that  indeed  sta- 
bilization of  continuous  systems  may  be 
achieved  with  a very  economical  finite-state 
compensator  which  can  be  synthesized  with  a 
threshold  device,  flip-flop,  2-level  supply 
and  gate.  The  proposed  representation  was 
used  to  conceptualize  the  problem  in  this 
case,  but  is  not  in  itself  a design  method. 
Rote  that  the  product  space  for  representing 
the  c.iosed-loop  system  rs  immediate,  given 
£ and  F.  . 


and  the  output  map  is 


where  «(t)  is  defined  by  tt(t)  - 

AZj^-fB  whenever  tEltj^,tj^'tA)  and  A,  B are  real 

numbers.  The  design  parameters  in  this  feed- 
back system  are  thus  0,  A and  B. 

The  problem  of  determining  which,  values  of 
Xq  and  a>0  yield  a Lagrange  stabilized  sys- 
tem by  appropriate  choice  of  6,  A and  B has 
been  solved  by  D.  G.  Wimpey  (1977) . Since 
the  system  is  synchronous,  the  state-tran- 
sition maps  6 may  be  replaced  by  one-step 
recursions,  yielding  the  augmented  system^ 


Example  2t  A Finite-State  Dynamical  System 
with  Feedback.  A simple  asynchronous  fi- 
nite-state system,  Johnson  and  Kovacs  (1977) 
with  delays  in  an  intern2d.  feedback  loop  is 
shown  in  Fig.  3.  No  general  but  e}q>licit 
theory  for  this  class  of  system  is  known  to 
the  author,  yet  it  is  readily  represented 
as  a finite-state  dynamical  system  using  the 
proposed  framework.  Due  to  space  limita- 
tions, we  shall  not  spell  out  the  formalisms 
but  only  indicate  the  key  ideas.  Let 
{tj^,Wj^}  denote  the  sequence  of  input  transi- 
tion times  tj^,  where  Wj^=l  if  d(t^)  ^ 0 and 
0 if  < 6;  the  set  {t|d(t)=0}  is  as- 

sumed to  have  'measure  zero,  and  d(*)  is  also 
assumed  to  have  a degree  of  smoothness  such 
that  (Minimal)  represen- 

tation is  obtained  by  taking  as  states 


Careful  consideration  of  these  equations 
leads  to  the  following  cases: 


/ 


Fj^  hjl^UDi/^  ifly/- r 

PC 
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Figure  3;  A Finite-State  Syutem  with  Feedback 
through  delays  A^,  A^ 


» ^ - 1,2 


where  Tj^  is  the  elapsed  tljne  since  the  most 
recent  switching  of  a for  t ^ tj^  (Tj^  ■ 0 if 
s switches  at  tj^),  and 

elapsed  time  since  the  last  input  tremsition. 
The  key  issue  is  to  verify  that  6 is  well- 
defined  for  one  time  step  i.e.,  given 

^-1^  V'  ‘^k^* 

.Clearly  the  new  input  defines  the  last  state 
component  of  , qj^.  If  will  switch 

Vl-'i-l  * ^1  ''k-1^^2'  *'2 


trzmsition  will  occur  at  t.  .-T.  +A..  and 

. K-1  k 2 

T^=0;  or  (ii)  if  = 0,  no  further 

changes  will  occur  until  t.  and  also  »0. 

M JC  JC 

If  i-s  large  a cycle  of 

period  lA^  and  duty  cycle  1 will  be  propa- 
gated, and  Tj^  may  be  determined  by 
mod  2^^.  Note  that  the  system  of  Fig.  .3  is 

a particular  instance  of  the  combined  coder- 
finite  state  dynamic  system  portion  of  the 
general  feedback  system  shown  in  Fig.  1. 

DISCUSSION  AND  CONCLOSIONS 

The  results  are  still  preliminary.  The  fol- 
lowing issues  can  now  be  addressed:  (1) 
proving  when  or  if  such  a representation  is 


Figure  3:  A Finite-State  Syatom  with  Feedback 
through  delays 


- 1»2 


where  is  the  elapsed  time  since  the  most 


recent  switching  of  s for  t ^ tj^  ■ 0 if 

s switches  at  V'  ■ Wi 

elapsed  time  since  the  last  input  transition. 
The  key  issue  is  to  verify  that  6 is  well- 
defined  for  one  time  step  i.e.»  given 

‘Vi'  Vi^  V'  ‘^k'  ‘^k’* 

.clearly  the  new  input  defines  the  last  state 
^component  of.qj^.  If  switch 

'^k-l-'i-l  ^ \ Vl'’^2'  =2 

will  switch  at  + djf  but  by  defi- 

nition, these  do  not  lead  to  further  transi- 
tions of  s in  ^2'  ^k-1^' 

thus  s , s remain  constant,  until  t.  . 

1 2 1 K-x 

Thus  for  all  > 0,  q is  known  at  t 


(if  q,,.i»q(Vi) 


From  t,^_^  to  tj^. 


y 


the  input  has  constant  value  so  it  is 

simply  a matter  of  silroulating  the  transi- 


tions up  to  tj^,  an  interval  of  length 


t -t  . and  then  determining  if  w.  produces 
k k-1  A 


I 

ii 


carried  out 
large 


then  (i)  if  ••  1,  a single 


L 


transition  will  occur  at  t.  .-T.  -t-d.  and 

. Jc-l  k 2 


T^*»0;  or  (ii)  if 


0,  no  further 
changes  will  occur  until  and  also 
If  * if  and  is  large  a cycle  of 

period  2^^  and  duty  cycle  1 will  be  propa- 
gated, and  T may  be  determined  by  (i?  + if) 
K K jC 


mod  2^2*  Kobe  that  the  system  of  Fig.  .3  is 


a particuleu:  instance  of  the  combined  coder- 
finite  state  dynamic  system  portion  of  the 
general  feedback  system  shown  in  Fig.  1. 


DISCUSSION  AND  CONCLUSIONS 


The  results  are  still  preliminary.  The  fol- 
lowing issues  cem  now  be  addressed:  (1) 
proving  when  or  if  such  a representation  is 
canonical;  (2)  examining  the  properties  of 
closed-loop  dynamics  obtained  by  state  aug- 
mentation; (3)  developing  design  and  simula- 
tion methods  for  such  systems;  (4)  examina- 
tion of  the  natural  operator  algebra  on  the 
product  space;  (5)  generalizations  to  sto- 
chastic-finite-state systems.^ 


an  s-tremsition  at  t.  . Clearly  this  can  be 
^ 2 
In  fact,  if  *ud  (Ij^)  is  ^ 

.+  . - ^ 


^While  technically  Involved,  the  generaliza- 
tion of  these  ideas  to  the  stochastic  case 
should  be  feasible.  It  requires  synthesis  of 
results  on  continuous- time  stochastic  sys- 
tems, stopping  times,  and  Markov  chain 
theory,  which  are  already  well-developed  in 
the  literature. 
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The  primary  contribution  of  this  note  is  that 
a systematic  and  general  method  for  2malyz- 
ing  the  real-time  behavior  of  both  synchro- 
nous and  asynchronous  finite-state  sequential 
machines  has  been  discovered,  and  that  this 
is  representation  is  convenient  for  analyz- 
ing feedback  systems.  A design  method  based 
on  this  representation  has  the  potential  for 
yielding  digital  control  algorithms  which 
eure  directly  implementable,  thus  avoiding  a 
tedious  process  of  approximating  controllers 
based  on  ordinary  calculus  or,  on  the  other 
</  hand, 'on  approximate  representations  of  plant 
dynamics. 


REFERENCES 


Allen,  J.  and  R.  Gallager.  (to  be  published). 
Computation  Structures. 


Willems,  J.  C.  (1972).  Dissipative  dynam- 
ical systems.  Parts  1,  II.  Archive  for 
Rational  Mechanics  and  Analysis.,  45,  321- 
393. 


Bobrow,  L.  and  M.  Arbib.  (1974).  Discrete 
Mathematics.  W.  B.  Saunders  Co.,  Philadel- 
phia, Pa. 


im  reprascBtetloB  la  eonvaniant  for  analyz- 
ing feedback  systeaM.  A dealgn  netbod  based 
on  this  representation  has  the  potential  for 
yielding  digital  control  algorithms  which 
are  directly  iwpleawntable#  thus  avoiding  a 
tedious  process  of  approximating  controllers 
based  on  ordinary  calculus  or,  on  the  other 
hand, 'bn  approximate  representations  of  plant 
dynamics. 


BEFEBENCES 

Allen,  J.  and  R.  Gallager.  (to  be  published) . 
Confutation  Structures. 

Bobrow,  Xi.  and  M.  Arbib.  (1974).  Discrete 
Mathematics.  W.  B.  Saunders  Co.,  Philadel- 
phia, Pa. 

Gallager,  R.  G.  (1968).  Information  Theory 
and  Reliable  CCTnunmication.  J.  Wiley  fi 
Sons,  Rew  York,  M.Y. 

Johnson,T.D.  and  Z.Kovacs. (1977) . Asynchro- 
■'  nous  control  of  lower  leg  reflexes  via  the 
spinal  motor  neuron  pool.yroc.  1977  IEEE  Cotl. 

DeCj__ang_fiflPtl3al»  (to  appeaur) . 

~l&lman,  R.  E.,  P.  L.  Falb,  and  M.  Arbib. 
(1969) . Topics  in  Mathematical  Systems 
Theory.  McGraw-Hill,  New  York. 

/ 

Padulo,  Zi.  and  M.  Arbib.  (1970).  System 
Theory;  A Onified  Approach  to  Continuous 
and  Discrete  Time  Systems.  H.  B.  Saiinders 
f Co.,  Philadelphia,  Pa. 

Willems,  J.  C.  (1972) . Dissipative  dynam- 
ical systems.  Parts  Z,  ZZ.  Archive  for 
Rational  Mechanics  and  Analysis.,  45,  321- 
393. 

Willems,  J.  C.  and  S.  K.  Mltter.  (1971). 
Controllability  observediillty,  pole  alloca- 
tion, and  state  reconstruction.  IEEE  Trans. 
Autom.  Control..  AC-16,  6,  582-596. 

Wimpey,  D.  G.  (1977) . Finite-state  com- 
pensation of  a first-order  system.  (M.Z.T. 
project  report) . 

Ziv,  J.  and  A.  Lempel.  (1977).  A xiniversal 
algorithm  for  sequential  data  compression. 
IEEE  Trahs.  Znfor.-  Theory..  ZT-23,  3,  337- 
343. 


This  research  was  performed  at  the  M.Z.T. 
Electronic  Systems  Laboratory  with  support 
provided  by  the  Air  Force  Office  of  Scientif- 
ic Research,  Grant  77-3281  and  NASA  Ames  Re- 
search Center  NGI,-22-009-124. 


